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We consider the static vacuum C metric that represents the gravitational field of a black hole of
mass m undergoing uniform translational acceleration A such that mA < 1/(3
√
3). The influence
of the inertial acceleration on the exterior perturbations of this background are investigated. In
particular, we find no evidence for a direct spin-acceleration coupling.
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I. INTRODUCTION
We study the motion of test particles and the propagation of wave fields on the exterior vacuum Cmetric background,
which can be thought of as a nonlinear superposition of Schwarzschild and Rindler spacetimes. We find geodesic orbits
that are circles about the direction of acceleration. Moreover, we consider the massless field perturbations of the C
metric in search of a direct coupling between the spin of the perturbing field and the acceleration of the background,
in complete analogy with the well-known spin-rotation coupling [1]. The results indicate that such a coupling does
not exist. Furthermore, in the linear approximation to the C metric, we show that the propagation of the scalar field
on this background entails a “gravitational Stark effect” that is analogous to the motion of an electron in the Stark
effect.
II. VACUUM C METRIC
The vacuum C metric was first discovered by Levi-Civita [2] in 1918 within a class of Petrov type D (degenerate)
static vacuum metrics. However, over the years it has been rediscovered many times: by Newman and Tamburino [3]
in 1961, by Robinson and Trautman [4] in 1961 and again by Ehlers and Kundt [5] —who called it the C metric—
in 1962. The charged C metric has been studied in detail by Kinnersley and Walker [6, 7]. In general the spacetime
represented by the C metric contains one or, via an extension, two uniformly accelerated particles as explained in
[7, 8]. A description of the geometric properties as well as the various extensions of the C metric is contained in [9],
which should be consulted for a more complete list of references. The main property of the C metric is the existence
of two hypersurface-orthogonal Killing vectors, one of which is timelike (showing the static property of the metric) in
the spacetime region of interest in this work. The most familiar form of the C metric is [6, 7]
ds2 =
−1
A2(x˜+ y˜)2
[(F˜dt2 − F˜−1dy˜2)− (G˜−1dx˜2 + G˜dz˜2)], (1)
where
F˜ (y˜) = −1 + y˜2 − 2mAy˜3, G˜(x˜) = 1− x˜2 − 2mAx˜3, G˜(x˜) = −F˜ (−x˜). (2)
These coordinates are adapted to the hypersurface-orthogonal Killing vector κ = ∂t, the spacelike Killing vector ∂z˜
and ∂x˜, which is aligned along the non-degenerate eigenvector of the hypersurface Ricci tensor. The constants m ≥ 0
and A ≥ 0 denote the mass and acceleration of the source, respectively. Unless specified otherwise, we choose units
such that the gravitational constant and the speed of light in vacuum are unity. Moreover, we assume that the C
2metric has signature +2; to preserve this signature, we must have G˜ > 0. We assume further that F˜ > 0; it turns out
that the physical region of interest in this case corresponds to mA < 1/(3
√
3) [10, 11, 12] .
Working with the metric in the form (1), the Schwarzschild limit (A = 0) is not immediate. Therefore, it is useful
to introduce the retarded time coordinate u, the radial coordinate r and the azimuthal coordinate φ:
u =
1
A
[t+
∫ y˜
F˜−1dy˜], r =
1
A(x˜ + y˜)
, φ = z˜, (3)
so that the metric can be cast in the form
ds2 = −H˜du2 − 2dudr − 2Ar2dudx˜+ r
2
G˜
dx˜2 + r2G˜dφ2, (4)
where
H˜(r, x˜) = 1− 2m
r
−A2r2(1− x˜2 − 2mAx˜3)−Ar(2x˜+ 6mAx˜2) + 6mAx˜. (5)
The norm of the hypersurface-orthogonal Killing vector κ is determined by H˜ , κακ
α = −r2F˜ = −H˜/A2, so that this
Killing vector is timelike for H˜ > 0. We find it convenient to work with the {u, r, θ, φ} coordinate system, where
(r, θ, φ) are spherical polar coordinates with x˜ = cos θ. Thus the C metric takes the form
ds2 = −Hdu2 − 2dudr + 2Ar2 sin θdudθ + r
2 sin2 θ
G
dθ2 + r2Gdφ2, (6)
where G and H are given by
G(θ) = sin2 θ − 2mA cos3 θ ,
H(r, θ) = 1− 2m
r
−A2r2(sin2 θ − 2mA cos3 θ)− 2Ar cos θ(1 + 3mA cos θ) + 6mA cos θ. (7)
To study the location of horizons it is useful to introduce an acceleration length scale based on A > 0 given by
LA = 1/(3
√
3A). It turns out that the modification of the horizons is related to the ratio of m and LA. The event
horizons of the vacuum C metric are Killing horizons given by H = 0 [7]. The solution of H = 0 can be written as
r−1 = A(cos θ+W−1), where W is a solution of W 3−W +2mA = 0. There are three cases depending on whether m
is less than, equal to or greater than LA. We have assumed at the outset that m < LA; therefore, we expect that the
two horizons of the Schwarzschild (r = 2m) and the Rindler (r = [A(1+cos θ)]−1) metrics will be somewhat modified.
In fact let
1√
3
(
− m
LA
+ i
√
1− m
2
L2A
)1/3
= Uˆ + iVˆ , (8)
then there are three real solutions for W given by W = 2Uˆ , which results in r = 2m for A → 0, W = −Uˆ +√3Vˆ ,
which results in r−1 = A(1 + cos θ) for m→ 0, and W = −Uˆ −√3Vˆ , which results in r−1 = A(cos θ − 1) for m→ 0
and is therefore unacceptable. In the next two sections we will discuss the motion of test particles and the propagation
of wave fields in the exterior spacetime region.
III. TEST PARTICLE MOTION: CIRCULAR ORBITS
Imagine the exterior of a spherically symmetric gravitational source that is uniformly accelerated along the θ = π
direction with acceleration A. In the rest frame of the source, it is possible to find circular orbits about the direction
of acceleration. In fact, in the Newtonian limit, a test particle can follow such an orbit of radius r sin θ for fixed r
and θ in the natural spherical polar coordinate system (r, θ, φ). In this case, (m/r2) cos θ = A and the speed of the
circular motion v is given by v2 = (m/r) sin2 θ. It follows that circular orbits are possible for 0 < θ < π/2. The
situation in general relativity is very similar, but somewhat more complicated. Indeed, timelike circular orbits exist
for θ0 < θ < π/2, where G(θ0) = 0. Moreover, for θ = π/2, the circular orbit is null and is given by r = 3m for all A
such that p ≡ mA < 1/(3√3). Finally, there are spacelike circular orbits for π/2 < θ < θc, where θc(p) is a critical
polar angle; for details, see [13].
3IV. WAVE MOTION: PERTURBATIONS
A master equation, analogous to the one derived in the Kerr spacetime [14, 15, 16, 17, 18, 19, 20] and describing
massless field perturbations of any spin, has been studied by Prestidge [21] on the C-metric background. However the
physical content of this equation is not yet completely understood, because the master equation cannot be integrated
exactly but only separated in {t, x˜, y˜, z˜} coordinates.
We present the master equation for the C metric in a slightly different form compared with the one obtained by
Prestidge [21]. In fact, we use here a principal NP frame which is also Kinnersley-like, i. e. it has the NP spin
coefficient ǫ = 0. This allows some further simplification and puts this development in a form very close to the black
hole case, where the master equation formalism has been successfully developed. Details for the derivation of the
master equation in this case can be found in [22, 23].
With the C metric in the form (1) and switching the signature to −2 to agree with the standard Newman-Penrose
formalism, a Kinnersley-like NP principal null tetrad can be easily constructed with
l = A(x˜ + y˜)2
(
1
F˜
∂t + ∂y˜
)
, n =
A
2
(
∂t − F˜ ∂y˜
)
, m =
G˜1/2A(x˜ + y˜)√
2
(
∂x˜ +
i
G˜
∂z˜
)
. (9)
The nonvanishing spin coefficients are
µ =
A2F˜
2ρ
, τ =
A√
2
G˜1/2 = −π, ρ = A(x˜ + y˜), β = ρ
4
√
2
G˜′
G˜1/2
,
α =
AG˜−1/2
4
√
2
[G˜− y˜G˜′ + 3− x˜2], γ = A
4(x˜+ y˜)
[F˜ + x˜ ˙˜F + 3− y˜2], (10)
while the only surviving Weyl scalar is ψ2 = −mA3(x˜+ y˜)3; here a prime and a dot denote differentiation with respect
to x˜ and y˜, respectively. Following the approach of Prestidge [21], rescaling the unknown ψs of the master equation
(for the various ψs satisfying the master equation, see e.g. [24]) we find that
ψs = (x˜+ y˜)
(2s+1)e−iωteik3 z˜Xs(x˜)Ys(y˜) (11)
gives separated equations for Xs and Ys:
X ′′s +
G˜′
G˜
X ′s + [
−4S − s2 + 2px˜(s2 − 4)
4G˜
− (−24pk3 + s)sx˜
2 + 2s(9ps− 4k3)x˜+ 3s2 + 4k23
4G˜2
]Xs = 0,
Y¨s +
˙˜F (s+ 1)
F˜
Y˙s + [
S + s(s+ 1)− 2py˜(s+ 1)(2s+ 1)
F˜
+
ω(ω − is ˙˜F )
F˜ 2
]Ys = 0, (12)
where S is a separation constant. Because of the symmetry of the metric under the exchange of x˜ and y˜, one would
expect a similar property to hold for these two equations. It can be shown that this is exactly the case (modulo
further replacement of y˜ → −x˜, ω → ik3, s → −s) when one uses the following rescaling for Xs(x˜) and Ys(y˜):
Xs(x˜)→ Xs(x˜)/G˜1/2, Ys(y˜)→ Ys(y˜)/F˜ (s+1)/2. Thus, without any loss of generality one can consider the equation
for Xs only. This equation, in turn, cannot be solved exactly, unless p = 0. In this limit, with x˜ = cos θ, one gets
d2Xs
dθ2
+ cot θ
dXs
dθ
−
[
S +
s2 − 2k3s cos θ + k23
sin2 θ
]
Xs = 0, (13)
so that with S = −l(l + 1) and z˜ = φ, it is easy to show that Xs(x˜)eik3 z˜ reduces to the standard spin-weighted
spherical harmonics.
Let us consider then the equation for Xs in (12), where we set x˜ = cos θ and use the rescaling Xs(θ) =
sin θTs(θ)/G˜1/2. The equation for Ts is then
d2Ts
dθ2
+ cot θ
dTs
dθ
− VTs = 0, (14)
where V is given by
V = 1
(1− 2p cos θ cot2 θ)2
[
p2V(2)(θ) + pV(1)(θ) + V(0)(θ)
]
(15)
4and the coefficients
V(2)(θ) = (1− s2) cos2 θ − (1 + s2) cot2 θ + 4 cot6 θ,
V(1)(θ) = 2 cos θ
[
2s2(1 + cot2 θ)− S cot2 θ − 2(1 + cot2 θ)2]− 6k3s cot2 θ,
V(0)(θ) = S +
s2 − 2k3s cos θ + k23
sin2 θ
, (16)
do not depend on p. We recall that in the case under consideration here p < 1/(3
√
3). For p≪ 1, it is straightforward
to develop a perturbation series solution to equation (14) in powers of p. In this way, terms of the form ps = msA
and higher order appear in V , but a direct spin-acceleration coupling term sA that would be independent of mass m
does not exist in Xs and hence ψs; therefore, we may conclude that this coupling does not exist. To see this in a more
transparent way we will consider in the next section a linearization of the C metric.
V. LINEARIZED C METRIC
In metric (6) let us consider the coordinate transformation {u, r, θ, φ} → {T,X, Y, Z}, where
T = −u−
[
r + 2m ln
( r
2m
− 1
)]
−Ar2 cos θ,
X = r sin θ cosφ, Y = r sin θ sinφ, Z = r cos θ +
1
2
Ar2. (17)
The transformed metric becomes
ds2 = (1− 2m
R
− 2AZ)dT 2 − 2m
R3
(XdX + Y dY + ZdZ)2 − dX2 − dY 2 − dZ2, (18)
where R =
√
X2 + Y 2 + Z2 and we have neglected m2, mA, A2 and higher - order terms. Next, introduce polar
coordinates Θ and Φ such that
X = R sinΘ cosΦ, Y = R sinΘ sinΦ, Z = R cosΘ. (19)
With respect to these, metric (18) becomes
ds2 =
(
1− 2m
R
− 2AR cosΘ
)
dT 2 −
(
1 +
2m
R
)
dR2 −R2(dΘ2 + sin2ΘdΦ2). (20)
Finally, introducing the isotropic radial coordinate ρ,
R =
(
1 +
m
2ρ
)2
ρ = ρ+m+
m2
4ρ
≃ ρ+m, (21)
we get the linear metric in standard form
ds2 =
(
1− 2m
ρ
− 2AZˆ
)
dT 2 −
(
1 +
2m
ρ
)
(dXˆ2 + dYˆ 2 + dZˆ2), (22)
where
Xˆ = ρ sinΘ cosΦ, Yˆ = ρ sinΘ sinΦ, Zˆ = ρ cosΘ. (23)
A. Gravitational Stark effect
Consider the massless scalar field equation ∇µ∂µχ = 0 on the background spacetime given by the metric (22). To
first order in m and A, χ can be separated by introducing parabolic coordinates in analogy with the Stark effect,
which is the shift in the energy levels of an atom in an external electric field corresponding to the eigenvalues of a
Schro¨dinger equation with a Coulomb potential −k/r plus the potential due to a constant electric field E = E zˆ, i.e.
5−k/r + eEz, where −e is the charge of the electron. In this gravitoelectromagnetic counterpart of the Stark effect,
we set
Xˆ =
√
ξη cosψ, Yˆ =
√
ξη sinψ, Zˆ =
1
2
(ξ − η), (24)
and assume that
χ(T, ξ, η, ψ) = e−iωT eiνψU(ξ)V (η), (25)
where ξ ≥ 0, η ≥ 0, ψ takes values from 0 to 2π, ω is a constant and ν is an integer.
It follows from the scalar wave equation that
Uξξ +
1
ξ
(
1− 1
2
Aξ
)
Uξ +
[
ω2
4
(1 + ξA) +
1
ξ
(mω2 − C)− ν
2
4ξ2
]
U = 0,
Vηη +
1
η
(
1 +
1
2
Aη
)
Vη +
[
ω2
4
(1− ηA) + 1
η
(mω2 + C)− ν
2
4η2
]
V = 0, (26)
where C is the separation constant and Uξ = dU/dξ, etc. Note that the second equation for V (η) can be obtained
from the first one for U(ξ) by replacing A→ −A and C → −C. Introducing a new constant β by
C =
1
2
(
β − A
2
)
(27)
and rescaling U and V ,
U(ξ) =
(
1 +
Aξ
4
)
a(ξ), V (η) =
(
1− Aη
4
)
b(η), (28)
eqs. (26) become
d
dξ
(
ξ
da
dξ
)
+
[
ω2ξ
4
− ν
2
4ξ
+
Aω2
4
ξ2 +
(
mω2 +
β
2
)]
a = 0,
d
dη
(
η
db
dη
)
+
[
ω2η
4
− ν
2
4η
− Aω
2
4
η2 +
(
mω2 − β
2
)]
b = 0. (29)
These equations can be put in exact correspondence with the Schro¨dinger equation for the hydrogen atom in a
constant electric field that results in the Stark effect [25]. For details see [22].
Let us note here again the close formal correspondence between the quantum theory of the Stark effect in hydrogen
and the theory of a classical massless scalar field on the linearized C-metric background. Extension of this result to
massless fields with nonzero spin present difficulties, as we have already seen in section IV.
Finally, for many laboratory applications, the potential associated with the gravitational Stark effect can be written
as m/ρ+Aρ cosΘ with ρ = ρ⊕+ ζ, where ρ⊕ is the average radius of the Earth and ζ is the local vertical coordinate
in the laboratory. Using the local acceleration of gravity, g = m/ρ2⊕, the effective Newtonian gravitational potential
is then −m/ρ⊕+ gζ −A(ρ⊕+ ζ) cosΘ; some of the applications of this potential are discussed in the next subsection.
B. Acceleration-induced phase shift
From the gravitational Stark effect we have learned that wave phenomena in the exterior spacetime represented
by (22) are affected by the acceleration A. Consider then wave fields in a laboratory fixed on the Earth assumed
to undergo a small uniform nongravitational acceleration (e.g. solar radiation pressure or Mathisson - Papapetrou
coupling of the curvature of the solar gravitational field with the angular momentum of the Earth). Estimates suggest
that such accelerations are very small and at a level below ∼ 10−10 cm/s2. In this sense, the total field of the Earth
(nonrotating, spherical and endowed with a very small acceleration) is taken into account by the linearized C metric
and we expect that the Earth’s acceleration will introduce a very small shift in the phase of a wave propagating in the
gravitational field of the Earth. Consider, for instance, the gravitationally induced quantum interference of neutrons as
in the COW experiment [26, 27]. Let us imagine for the sake of simplicity that the Zˆ- axis of the system {T, Xˆ, Yˆ , Zˆ}
of metric (22) makes an angle Θ with the vertical direction in our local laboratory and so an otherwise free particle in
6the laboratory is subject to the effective Newtonian gravitational acceleration g−A cosΘ. The corresponding neutron
phase shift in the COW experiment would then be given by
∆ϕ = (g −A cosΘ)Aω
v
sinα, (30)
where ω is the de Broglie frequency of the neutron, A is the area of the interferometer, α is the inclination angle of
the interferometer plane with respect to the horizontal plane in the laboratory and v is the neutron speed. When
A = 0 or Θ = π/2, this formula reduces to the standard formula of the COW experiment [27]. A complete discussion
of the neutron phase shift for nonzero A is beyond the scope of this work.
C. Pioneer anomaly
Imagine an inertial reference frame and a star of mass m such that its center of mass accelerates with a constant
acceleration A = Azˆ with A > 0. Thus the motion of a planet or a satellite about the star in terms of a noninertial
coordinate system {t, x, y, z} in which the star is at rest with its center of mass at the origin of the spatial coordinates
is given to lowest order by
d2r
dt2
+
mr
r3
= −A (31)
in accordance with Newtonian physics. Within the context of general relativity, the equation of motion of the test
planet or satellite is given by the geodesic equation in the vacuum C metric.
Let us now apply these ideas to the anomalous acceleration of Pioneer 10 and Pioneer 11 [28, 29, 30], launched
over thirty years ago to explore the outer solar system. The analysis of Doppler tracking data from Pioneer 10/11
spacecraft (moving away from the solar system in almost opposite directions) is consistent with the existence of a
small anomalous acceleration of about 10−7 cm/s2 toward the Sun.
Let Pˆ and Pˆ′ be unit vectors that indicate the radial directions of motion of Pioneer 10 and Pioneer 11 with respect
to the Sun, respectively. Suppose that the smaller angle between these directions is given by π − 2β, where β ≃ 7◦.
Then, A can be expressed as
A =
A0
2 sinβ
(Pˆ+ Pˆ′), (32)
where A0 ≃ 10−6 cm/s2 is the magnitude of the vectorA and is such that, with sin 7◦ ≃ 0.12, A0 sinβ is the magnitude
of the anomalous acceleration. It follows that A · Pˆ = A · Pˆ′ = A0 sinβ. It is therefore possible to find a vector
−A that generates the Pioneer anomaly; however, the problem is then shifted to explaining the origin of such an
acceleration of the center of mass of the Sun.
One possibility could be recoil acceleration due to the anisotropic emission of solar radiation. But estimates for
this effect give A < 10−10 cm/s2, so that it does not appear possible to explain the Pioneer anomaly in this way.
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